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Abstract 

Let g = (gij) be a complete Riemmanian metric on M? with finite total 
area and Ig = inf^ 1(7) with 1(7) = L{'j){Ain{-y)~^ + Aout{^)^^) where 7 is 
any closed simple curve in M?, L{'y) is the length of 7, j4j„(7) and Aoutil) are 
the areas of the regions inside and outside 7 respectively, with respect to the 
metric g. Under some mild growth conditions on g we prove the existence of a 
minimizer for Ig. As a corollary we obtain a new proof for the existence of a 
minimizer for I^^^) for any < t < T when the metric g{t) = gij{-,t) = u6ij is 
the maximal solution of the Ricci flow equation dgij/dt = —2Rij on M2x(0,r) 
|DH) where T > is the extinction time of the solution. 
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Isoperimetric inequalities arises in many problems on analysis and geometry such 
as the study of partial differential equations and Sobolev inequality [B], |SY] . |T1] . 
Isoperimetric inequalities are also used by N.S. Trudinger |T2j in the study of sharp 
estimates for the Hessian equations and Hessian integrals. In [G], |H1] . M. Gage 
and R. Hamilton studied isoperimetric inequalities arising from the curve shortening 
flow. In |DH] . |DHS] and [H2J, P. Daskalopoulos, R. Hamilton, N. Sesum, studied 
isoperimetric inequalities in Ricci flow and used it to study the behavior of solutions 
of Ricci flow which is an important tool in the classification of manifolds |MT] . |P1] . 
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Let g = {gij) be a complete Riemmanian metric on with finite total area 
A = J^2 dVg satisfying 

Ai(|x|)(5i, < Qijix) < X2i\x\)6ij V|x| > ro (1) 

for some constant ro > 1 and positive monotone decreasing functions Ai(r), A2(r), on 
[ro, oo) that satisfy 

CQ-r 



^/)^dp>7ir^/)^ Vr>ro, (2) 



r^/Xi{c^r) >bi p\2{p) dp Vr > ro, (3) 

J r 

/ V'Mp)rfp>62 Vr>ro, (4) 

J r 

and 

Ai(cor) > 5A2(r) Vr > ro (5) 

for some constants Cq > 1, 6i > 0, 62 > 0, 5 > 0, where |x| is the distance of x from 
the origin with respect to the Euclidean metric. For any closed simple curve 7 in R^, 
let (cf. [DH]) 

where L('j) is the length of the curve 7, ^^(7) and Aoutil) are the areas of the regions 
inside and outside 7 respectively, with respect to the metric g. Let 

/ = /, = infJ(7) (7) 

where the infimum is over all closed simple curves 7 in M^. In this paper we will prove 
that there exists a constant &o > such that if the isoperimetric ratio Ig < bo, then 
there exists a closed simple curve 7 satisfying Ig = 1(7). As a corollary we obtain 
a new proof for the existence of a minimizer for the isoperimetric ratio /^(j) for any 
< t < T when the metric g{t) = gij{-, t) = u6ij is the maximal solution of the Ricci 
flow |DH] 

^^gij = -2R,, onM2x(0,T) 

where T > is the extinction time of the solution and m is a solution of 

Mt = AlogM onM2x(0,T). (8) 

We will use an adaptation of the technique of |H1] and |H2] to prove the result. 
In |H1] . |H2] . since the domain under consideration is either the sphere 5*^ ([H2|) 
or bounded domain in ( |H1] ). the minimizing sequences for the infimum of the 
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isoperimetric ratios considered in |H1] . |H2] . stay in a compact set. On the other hand 
since the isoperimetric ratio (|6]) is for any curve 7 in M^, the minimizing sequence 
of curves for the infimum of the isoperimetric ratio (I7l) may not stay in a compact 
subset of M? and may not have a hmit at all. So we will need to show that there 
exists a constant such that this is impossible when Ig is less than this constant. After 
this we will use the curve shortening flow technique of |H2] to modify the minimizing 
sequence of curves and show that they will converge to a minimizer of ([7]). 

For any Xq G and r > let Br{xo) = {x G : |x — Xo\ < r} and Br = Br{0). 
The main results of the paper are as follows. 

Theorem 1. Suppose g satisfies (1) for some constant tq > 1 where Ai(r), A2(r), are 
positive monotone decreasing functions on [ro, 00) that satisfy (2), (3), (4) and (5) 
for some constants cq > 1, &i > 0, 62 > and 5 > 0. Then there exists a constant 
60 > depending on hi, 62 o-nd A such that the following holds. If 

Ig < bo, (9) 
then there exists a closed simple curve 7 in M? such that Ig = I{'~f). Hence Ig > 0. 
Proposition 2. Suppose g = (gij) satisfies 

r (logrj r (logrj 

for some constants C2 > Ci > 0, ri > 1. Then there exist constants Cq > 1, 5 > 0, 
bi > 0, 62 > 0, and ro > ri such that (2), (3), (4) and (5) hold. 

Corollary 3. Let gij{x,t) = u{x,t)6ij where u is the maximal solution of ([8]) with 
initial value < Mq G L^(]R^) fl L^i^), uq ^ 0, for some p > 1 satisfying 

M^) < I |2n^ I h2 V|a;|>l (10) 
|xp(log 

given by \DP^ and IHu^ where T = (l/47r) uq dx. Then for any < ti < T there 
exists a constant bo > such that the following holds. For any ti < t < T , if Ig{t) < bo, 
then there exists a closed simple curve 7 that satisfies Ig{t) = Hi)- 

Proof of Proposition 2: Let Aj(r) = Cj(rlogr)~^, i = 1,2, 

Co = 2e^v^^^, (11) 
and 6 = Ci/ {2c^C2)- We choose r2 > ri such that 

logr ^1 .^2) 



log(cor) y/2 
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Then by (11) and (12), 



Ai(cor) Ci ( logr V Ci 



We next note that 

V (n M /^log(co^)\\ log((logco)2; + 1) 

hm (logr) log — = lim = logco- (14) 

r-i-oo \^ \ logr // z-)-0 Z 

By (11) and (14) there exists > T2 such that 

(logr) log i^^^ > vrv/cycT Vr > ro. (15) 

By (13) and (15), we get (2) and (5). By (12) and a direct computation (3) and (4) 
holds with bi = ^fClj [^2cqC-i), 62 = v^C'ilog2, and the proposition follows. □ 

Proof of Corollary 3: By ffTOj) and the results of |ERV] there exists a constant C2 > 
such that 

u{x,t)< ^\ y\x\ > 1,0 <t<T (16) 
|xp(log |x|)^ 

and for any ^ (0, T) there exists a constant ri > 1 such that 

(3/2)t 

u{x, t) > ; V|x| > ri, < t < to- (IT) 

|x|''(log |x|)^ 

By flTBl) . f[T7|) . Theorem 1 and Proposition 2, the corollary follows. □ 

We will now assume that (7 is a metric on with finite total area that satisfies 
(1), (2), (3), (4) and (5) for some constants ro > 1, Cq > 1, 61 > 0, 62 > 0, 5 > 
where Ai(r), A2(r), are positive monotone decreasing functions on [ro, 00) for the rest 
of the paper. Let 69 = min(6i, 462/^)- Suppose (j9]) holds. Let {'^k\'k'=i be a sequence 
of closed simple curves on such that 

/(7fc) I as /c 00 and 1(7^) <ho VA; G Z+. (18) 

We will show that the sequence {'~^k\T=i is contained in some compact set of M^. Let 
f2fc be the region inside 7^ and r^ = min2.g^j, Let Le{jk) be the length of 7^ and 
\Qk\ be the area of flk with respect to the Euclidean metric. We choose t'q > ro such 



that 



4 

Lemma 4. The sequence is uniformly bounded. 



A 

Voigim^ \ Br'^) <- \/ke z+. (19) 
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Proof: Suppose the lemma is not true. Then there exists a subsequence of which 
we may assume without loss of generality to be the sequence itself such that 

rk >r'o yke Z+ (20) 

and Tfe — )■ oo as /c ^ oo. Let = dBr,^. We choose a point e 7^ fl dBr,^ and let 
•jk '■ [0, 2n] — )■ be a parametrization of the curve •jk such that Xk = 7a;(0) = 7fe(27r). 
Since for any /c e Z"*" either e Ofe or e \ Ojt holds, thus either 

e Qjfc for infinitely many k (21) 



or 



OeR^\Qk for infinitely many k (22) 

holds. We need the following result for the proof of the lemma. 

Claim 1 : There exists only finitely many k such that 7^ fl (IR^ \ Bc^rk) 7^ 0- 

Proof of Claim 1: Suppose claim 1 is false. Then there exists infinitely many k such 

that 7fe n {E? \ BcoTk) 0- Without loss of generality we may assume that 

7fen(R'\Sco.J ^0 VA;eZ+. (23) 

By (23) there exists 4>o e (0, 2tt) such that 

|7fe(0o)| > Cork. 
Hence there exists < 0i < 0o < 02 < 27r such that 

7fe(0i) 7fc(02) = Cork 

and 

Tk < hk{(f>)\ < Cork V0 e (0, 0i) U (02, 27r). 

Then by (1), 



L{lk)^ {QijlWk)^ d(j) 
Jo 

>( [ + [ ) i9ijlWkf^ d<P 



^ UrV JdeV 



4>2 



- 



d(f) J 



Cork 



>2 / y/XA^dr (24) 



and 



/■2n . . 

27rrkVMrk) < L{%) = / {gij%^i)U<P < 27rrkV Hn)- (25) 

^0 
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By (2), (24) and (25), 

L{%) < L(7fc). (26) 

Suppose (I2TI) holds. Without loss of generality we may assume that G Qk for all 
k e Z+. Then Br^ C l^fc for all A; G Z+. Hence by (Il9]), ([20]), 



A.t(7fc)<Vol,(M2\5,,J<^ VA;gZ+ (27) 

and 

-^<yo\giBr,)<Ainilk)<A VA;gZ+. (28) 
We will now show that the circle 7^ = dBj.,, satisfies 

I ilk) < I ilk). (29) 

Let e = Aoutilk) - Aoutilk)- Then e = Aini'jk) - Ain{%). Since 7fc C Qk and the 
region between 7^ and 7^ is contained in \ 5^^., by (27), 

0<s<^. (30) 

Hence by (27) and (30), 

1 1 A A 

+ 



Aini'yk) Aoutilk) Ainiik) Aoutilk) iAinilk) - £)iAoutilk) + e) 

< ^ - ^ + ^ (31) 

~ Ainilk) Aoutilk) Ainilk) Aoutilk) 

By (26) and (31) we get (29). Now by (1), 

P POO 

Aoutilk) = / V'det^fix < 27r / pX2ip) dp. 
By (3), (25), (29) and (32), 



(32) 



iilk) > — 7^ + -T-^^ > bi- (33) 

Aoutilk) Ain{lk) 

Letting — > 00 in (33), 

/ > fei. (34) 

This contradicts ^ and the definition of 60 • Hence fl2ip does not hold. 

Suppose fl22p holds. Without loss of generality we may assume that G \ Vtk 
for all k G Z+. Then by ([20]) G \ Hfe and B^^ C \ for any k G Z+. By 
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an argument similar to the proof of (27) and (28) but with the role of Aml'jk) and 
A-outilk) being interchanged in the proof we get 

AUlk)<yo\g{M.'\BrJ<^ VA;gZ+ 

-J- < Aoutilk) <A \fke Z+. 

Similarly by interchanging the role of Ai^i^jk) and Aoutilk) and replacing e hj e' = 
Aoutilk) - Aini^k) = Aoutilk) - Ainijk) in the proof of (29)-(33) above, we get that 
< < A/A and (29), (33), still holds. Letting A; ^ oo in (33), we get (34). This 
again contradicts OH]) and the definition of b^. Thus f l2^ does not hold and claim 1 
follows. 

We will now continue with the proof of the lemma. By claim 1 there exists /cq G Z+ 
such that 

7fen(R2\5,„,,J = ^k>ko 

-fkCB,,rABr, ^k>ko. (36) 



Note that either (I2T1) or (1221) holds. Suppose (1211) holds. Without loss of generality 
we may assume that E Qk for all k > k^. Then B^.^. C flk for all k > ko- Hence by 
(1) and (36), 



2tt 



and 



Aoutilk) < 

By (3), (37) and (38), 



>27rrfcA/Ai(corfe) Wk > ko (37) 
/ detgij dx < 27r / pX2{p) dp yk > k^. (38) 

ilR2\ R Jr. 



Ihk) > — ^ > .CO . . . , >bi V/c > ko. (39) 



Letting A; — )■ oo in (39), we get (34). Since (34) contradicts (9) and the definition of 
^0) (l^Tjl does not hold. Hence fl22]) holds. By (12 Op and (12 2 p we may assume without 
loss of generality that G \ for all k > ko. Then C \ Hfc for all k > ko- 
Hence Qk is contractible to a point in B^^rk \ for all k > ko. By (1), 



2n 



L{lk) = I {g^JlkliY^ d<P > v/Ai(cor,)Le(7fc) VA; > ko- (40) 
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By the isoperimetric inequality, 

47r|nfc| < Le(7fc)'. (41) 

Then by (40) and (41), 

I^(7fc) >2(7^Al(corfe)|^]fc|)^ VA; > fco- (42) 

Now 

Aini'lk) = / y^detg^j dx < X2{rk)\^k\ V/c > /cq. (43) 
By (5), (42) and (43), 

L{jk) > 2vr^ (j^^) ' ^-(7fc)^ > 2(7r5)iA,„(7fc)^ VA; > fco 
^ /(7fc) > > 2(7r5)^A,„(7,)-^ VA;>A;o. (44) 

^m(7fc) 

Since fi^ C V^^^, 

An(7fc) ^0 as A; ^ oo. (45) 

Letting A; — )■ oo in (44) by (45) we get / = oo. This contradicts ([9]). Hence (122|) does 
not hold and the lemma follows. □ 

By Lemma 4 there exists a constant ai > tq such that 

Tk <ai VA; G Z+. (46) 

Lemma 5. 7/fc G -8^2 VA; G Z"^. 

Proof: Let = max^^ Suppose the lemma does not hold. Then there exists a 
subsequence of pk which we may assume without loss of generality to be the sequence 
itself such that 

Pk >al ykEZ+. (47) 
By (1), (4), (46), (47) and an argument similar to the proof of (24), 

L{lk)> r V^Mdp>h2 VA;GZ+. (48) 

J ai 

Hence by (48), 

, _ AL(7fc) ^ Ah2 _Ah2 ^, 
^^^'^ - AUlk)A.ut{lu) - JAJW ~ ~A ^^^^ 

=^ 1 > — — as A; — )■ OO. 

~ A 
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(50) 



This contradicts and the definition of Bq. Hence the lemma follows. □ 

Let Lk = Lipfk). Since is compact, there exists constants C2 > ci > such 
that 

ci5ij < Qij < C2Sij on S„2. (49) 
Lemma 6. There exists a constant 6i > such that > 5i VA; G Z+. 
Proof. By (49), 

' 4^e(7fc) <Lk< cll.ijk) VA; e Z+ 
ci\Qk\ < Aini'^k) < C2\^lk\ V/c e Z+. 
By dH]), (41) and ([50]), 

11 1 

° An(7fc) ~ C2|fifc| ~ C2 (Le(7fc)V4vr) ~ C2Le(7fc) 

1 47rci 
^ Lk> cjLeijk) > —r VA: G Z+ 

C2O0 

and the lemma follows. □ 

By the proof of Lemma [6] we have the following corollary. 
Corollary 7. For any constant Ci > there exists a constant 61 > such that 

for any simple closed curve 7 C B^2 satisfying 

J(7) < Ci. (51) 
By ([6]) and Corollary 7 we have the following corollary. 
Corollary 8. For any constant Ci > there exists a constant 52 > such that 

An (7) > ^2 and Aoutil) > h 
for any simple closed curve 7 C Bg2 satisfying ( I5T1) . 

Lemma 9. There exists a constant C2 > such that the following holds. Suppose 
P C B^2 is a closed simple curve. Then under the curve shrinking flow 

dl3 

£{s,T) = kN (52) 

with /3(s,0) = /3(s) where for each r >0, k{-,T) is the curvature, N is the unit inner 
normal, and s is the arc length of the curve (3{-,t) with respect to the metric g, there 
exists To > such that the curve 13'^° = /3(-,ro) C Bg^2 satisfies /(/3^°) < /(/3) and 



j k{s,ToYds < C2. 
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Proof. Since the proof is similar to the proof of |DH] and the Lemma on P. 197 of 
|H2] . we will only sketch the proof here. Let (3'^ = /3{-,t) and write 



L(r) = L,(/3(-,r)), /(r) = /(r) = /,(/?(■, r)), 

and the areas 

An(r) = A,„(/3(-,r)), Aoutir) = AoutW{-,T)), 

with respect to the metric g. Let Ti > be the maximal existence time of the solution 
of (1521). Then _ 

/3^CB,2 VO<r<Ti. (53) 

Similar to the result on P. 196 of |H2] we have 

^ ^ k ds, = f k ds, = — [ k^ ds (54) 



Or J dr J dr 

and 



kds+ KdVg = 27r (55) 
Jn{T) 

by the Gauss-Bonnet theorem where K is the Gauss curvature with respect to g and 
n(r) C -Ba2 is the region enclosed by the curve f3{s, r). Let Ci = 2/(/3). By continuity 
there exists a constant < 5o < such that 

/(r) <Ci VO < r < 6o. (56) 

By (56), Corollary 7, and Corollary 8 there exist constants 6i > 0, 62 > 0, such that 

L(r) > 5i, A,„(r) > 62, Aoutir) > 62 VO < r < ^o- (57) 

Now 

^(log/(r)) = - — ^ - + (58) 



By fl53l) and fl55l) f kds is uniformly bounded for all < r < Ti. Then by f l5^ . fl55 
f lSTj) . and fl58l) . there exists a constant C2 > independent of 60 such that 

|:(log/(r))<0 



for any r G (0, (5o] satisfying 



If 



j k{s, r f ds > C2. 
J k{s,Ofds < C2, 
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we set tq = and we are done. If 

j k{s,Ofds > C2, 
then either there exists tq G (0, 60] such that 

k{s, ToY ds = C2 and / k{s, rf ds > C2 VO < r < tq (59) 



or 

j k{s, rf ds>C2 VO < r < ^o- (60) 

If fl59l) holds, since /(tq) < /(O) we are done. If f l60|) holds, since I{So) < /(O) we can 
repeat the above the argument a finite number of times. Then either 

(a) there exists tq G (0,Ti) such that f l59|) holds 

or 

(b) 

J k{s, r f ds>C2 VO < r < Ti (61) 

holds. 

If (b) holds, then similar to the proof of the Lemma on P. 197 of |H2] by (|57|) we 
get a contradiction to the Grayson theorem ( |H2] . jGrl] . |Gr2] ) for curve shortening 
flow. Hence (a) holds. Since I{tq) < /(O), the lemma follows. □ 

To complete the proof of Theorem 1 we also need the following technical lemma. 

Lemma 10. For any positive numbers ai, 0:2, Ai, A2, A3 we have 

(«! + ^2) 1 ^ + -; — ^—r I > i^iii I "1 f ^ + — —-r I > "2 f ^ + 



A2 A1 + A3J- I \Ai A2 + A3J' KAs A^ + A 



(62) 



Proof: Suppose ( l62l) does not hold. Then 



(ai + 02) ( ^ + -; — —-r) ^ "1 ( -7- + — —-r 
''A2 Ai + Aj \Ai A2 + A3 

^1(^2 + A3) ai , , 



^2(^1 + A3) ax + a2 

and 



-^3(^1 + ^2) ^ C.2 

A2(Ai + A3) - ai + a2 
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Summing fl63l) and fl64l) . 



< 



Ai = or 



^2(^1 + A3) 

Contradiction arises. Hence (l62l) holds and the lemma follows. 



0. 



□ 



We are now ready for the proof of Theorem 1. 
Proof of Theorem 1: Since the proof is similar to the proof of |H1] and |H2] we will 
only sketch the argument here. Let C2 > be given by Lemma 9 and 5i > be given 
by Corollary 7 with Ci = bo- By Lemma 5, Lemma 6, Corollary 7, Lemma 9 and an 
argument similar to the proof of [H2] for each j G Z+ there exists a closed simple 
curve 7j C B^j satisfying 

/(%•)< /(7,) and L{^j)>S, Vj G Z+ 

and 

P ds < C2 (65) 



where k is the curvature of 7^. By ( 165|) and the same argument as that on P. 197-199 of 
|H2] 7j- are locally uniformly bounded in L\ and C^"'"2. Hence 7^ has a sequence which 
we may assume without loss of generality to be the sequence itself that converges 
uniformly in for any 1 < p < 2 and in 0^^°" for any 0<a<l/2asj— j-ooto 
some closed immersed curve 7 C B^2. Moreover 7 satisfies 

I = 1(7) and L(7) > 61. 

Since 7 is the limit of embedded curves, 7 cannot cross itself and at worst it will be 
self tangent. Suppose 7 is self tangent. Without loss of generality we may assume 
that 7 is only self tangent at one point. Then 7 = /3i U /32 with (3i fl (32 being a 
single point where (32, are simple closed curves. Then ^^(7) = Ain{(3i) + An(/32), 
Aouti(3i) = Aouth) + AU(32), Aouti(32) = A^util) + AU(3i) , and L{-f) = L(A) + L(/32). 
Let Li = L{(3i) and L2 = L[(32). By Lemma 10, 

1 1 



{L^ + L2] 



> min < Li 



Hence 



Aout{l) 

1 



+ 



An(/3l) + Ai, 

1 



.(/32 



Ain{(3l) Aout{l) + Ain{(32) 



Ain{(32) Aout{l) + A,n{(3l) 



L{l) 



Aoutin) 

> min <|li 

/(7)>min(/(/3i), 
/(7)=min(J(/3i), 



+ 



Ainil) 
1 

An{(3l) 

m)) 



+ 



Amit{(3l 



+ 



Ain{(32) Aout{,(32) 
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Without loss of generality we may assume that 1(7) = I {Pi). Then /3i is a simple 
closed curve which attains the minimum. Similar to the proof of |H2] . by a variation 
argument /3i has constant curvature 
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